Simultaneous approximation for Szász-Mirakian quasi-interpolants by Guo, Shunsheng & Qi, Qiulan
Czechoslovak Mathematical Journal
Shunsheng Guo; Qiu Lan Qi
Simultaneous approximation for Szász-Mirakian quasi-interpolants
Czechoslovak Mathematical Journal, Vol. 56 (2006), No. 3, 789–803
Persistent URL: http://dml.cz/dmlcz/128107
Terms of use:
© Institute of Mathematics AS CR, 2006
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
Czechoslovak Mathematical Journal, 56 (131) (2006), 789–803
SIMULTANEOUS APPROXIMATION FOR SZÁSZ-MIRAKIAN
QUASI-INTERPOLANTS
Shunsheng Guo, Qiulan Qi, Shijiazhuang
(Received January 4, 2004)
Abstract. We obtain simultaneous approximation equivalence theorem for Szász-Mirakian
quasi-interpolants.
Keywords: Szász-Mirakian quasi-interpolants, simultaneous approximation, direct and
inverse theorems, Ditzian-Totik modulus
MSC 2000 : 41A25, 41A36
1. Introduction
The Szász-Mirakian operator is defined by











It is known that for f ∈ CB [0,∞) (the set of continuous and bounded functions),
ϕ(x) =
√
x and 0 < α < 1 (cf. [4])
(1.2) ‖Snf − f‖ = O(n−α) ⇔ ω2ϕ(f, t) = O(t2α),
where ω2ϕ(f, t) is Ditzian-Totik modulus. But this result can not include the case of
the classical modulus ω2(f, t). In [3] Ditzian used the unified modulus ω2ϕλ(f, t) =
sup
0<h6t
‖∆2hϕλf‖ (0 6 λ 6 1) to bridge the gap between the classical moduli (λ = 0)
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and the Ditzian-Totik moduli (λ = 1). With ω2ϕλ(f, t) we have (cf. [5])




⇔ ω2ϕλ(f, t) = O(tα) (0 < α < 2).
In order to obtain faster convergence, quasi-interpolants S〈r〉n of Sn in the sense of
Sablonnière are considered (cf. [1], [2], [7]). We recall their construction. Πn denotes
the space of algebraic polynomials of degree at most n. On Πn the Szász-Mirakian
operator Sn and its inverse S−1n can be expressed as linear differential operators









D = d/dx and D0 = id. The left Szász-Mirakian quasi-interpolants of r degree are
defined by





Some basic properties can be found in [1], [2]:
(1) S〈0〉n = Sn, S
〈n〉
n = id.
(2) For 0 6 r 6 n, p ∈ Πr, one has
(1.5) S〈r〉n p = p.
(3) αn0 (x) = 1, α
n
1 (x) = 0,
















2 (j + 1)
]
and Cnj are constants independent of n.
(4) For f ∈ CB [0,∞), ϕ(x) =
√
x, n > 2r − 1, r ∈   , we have








We note that there are no inverse and equivalence results in [2]. In this paper
we will consider the simultaneous approximation for S〈2r−1〉n (f) and give an
equivalent result with the unified modulus ω2rϕλ(f, t) (0 6 λ 6 1).
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Theorem 1.1. Let f (s) ∈ CB [0,∞), s ∈







, n > 4r, r ∈   , 0 6 λ 6 1. Then for 0 < α < 2r − s the
following two statements are equivalent







(f (s), t) = O(tα).
Now we give the definitions of the unified modulus and K-functional:












{‖f − g‖∞ + tr‖ϕrλg(r)‖∞ + tr/(1−λ/2)‖g(r)‖∞}(1.11)
where
wr(ϕ, [0,∞)) = {g : g ∈ C[0,∞), g(r−1) ∈ A.C.loc, ‖ϕrλg(r)‖∞ < ∞, ‖g(r)‖∞ < ∞}.
It was proved in [4] that
(1.12) ωrϕλ(f, t) ∼ Krϕλ(f, tr) ∼ Krϕλ(f, tr).
Throughout this paper ‖ · ‖ denotes ‖ · ‖∞, and C denotes a positive constant, not
necessarily the same at each occurrence.
2. Preliminaries

























+ u1 + . . . + us
)
du1 . . . dus.
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Noting that αnj ∈ Πj , from (1.4) and (2.1) we have for 0 6 s 6 2r − 1 and
f (s) ∈ CB [0,∞)



































+ u1 + . . . + us
)
du1 . . . dus,
where j ∧ s = min{j, s}.
Observe that
























+ u1 + . . . + us
)



































n + u1 + . . . + us
)
du1 . . . dus. Thus we see that




Since αnj (x) ∈ Π[ j2 ] (see (1.6)), it is easy to see by (2.3) that
(2.5) S〈2r−1〉n,s (1, x) = 1.





by [4, (9.4.9)], we can deduce that













Next we give some lemmas.
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Lemma 2.1. For αnj (x) and r 6 j, we have





|αnj (x)| 6 Cn−j ,(2.7)
|Drαnj (x)| 6 Cn−j+r.(2.8)






|αnj (x)| 6 Cn−j/2ϕj(x),(2.9)






. This follows easily from (1.6). 
Lemma 2.2. The operator S〈2r−1〉n,s (g, x) is bounded, that is,
(2.11) ‖S〈2r−1〉n,s (g, x)‖ 6 C‖g‖.





, from (2.3), (2.1) and (2.8), we have





















)∣∣ 6 C‖g‖ 6 C‖g‖, we have
|S〈2r−1〉n,s (g, x)| 6 C‖g‖.





, from (2.3), (2.6), (2.10) and [4, (9.4.14)], we have

















































































2 ϕl(x) 6 C‖g‖.

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Now we give the estimate of the moments for Szász operators (cf. [4, p. 138
(9.5.10)]) which will be used later:
(2.12) Sn((· − x)2j , x) 6
{














In this section we give a direct approximation theorem.
Theorem 3.1. If ϕ(x) =
√





, 0 6 λ 6 1, n > 2r − 1,
0 6 s 6 2r − 1, then for f (s) ∈ CB [0,∞), we have








. By the definition of K2r−s
ϕλ
(f, t2r−s) for fixed n, x, λ, we can choose
g(t) = gλ,n,x(t) such that





















Using f (s) = f (s) − g + g, by (2.4) and (2.11), we have
|DsS〈2r−1〉n (f, x)− f (s)(x)| = |S〈2r−1〉n,s (f (s), x)− f (s)(x)|(3.3)
6 |S〈2r−1〉n,s (f (s) − g, x)|+ |f (s)(x)− g(x)|+ |S〈2r−1〉n,s (g, x)− g(x)|









+ |S〈2r−1〉n,s (g, x)− g(x)|.
Therefore we only need to estimate |S〈2r−1〉n,s (g, x)− g(x)|.
Since S〈2r−1〉n (f, x) is exact on Π2r−1, we have for all 1 6 j 6 2r − 1
(3.4) S〈2r−1〉n ((t− x)j , x) = 0.
Note that DsS〈2r−1〉n (f, x) = S
〈2r−1〉
n,s (f (s), x), so
DsS〈2r−1〉n ((t− x)j , x) = j(j − 1) . . . (j − s + 1)S〈2r−1〉n,s ((t− x)j−s, x).
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Therefore for 1 6 j 6 2r − 1− s, we have
(3.5) S〈2r−1〉n,s ((t− x)j , x) = 0.
Now using Taylor formula, we write
g(t) = g(x) + (t− x)g′(x) + . . . + (t− x)
2r−1−s
(2r − 1− s)! g
(2r−1−s)(x) + R2r−s(g, t, x)
where R2r−s(g, t, x) = 1(2r−1−s)!
∫ t
x(t− u)2r−1−sg(2r−s)(u) du.
By (2.5) and (3.5), we have
|S〈2r−1〉n,s (g, x)− g(x)| = |S〈2r−1〉n,s (R2r−s(g, ·, x), x)| =: I.
We will estimate I .




, by (2.3), (2.1) and (2.8), we have































































+ u1 + . . . + us − u
)2r−1−s



































+ u1 + . . . + us − u
)2r−1−s
g(2r−s)(u) du du1 . . . dus
∣∣∣∣
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and (cf. [4, (9.6.1)])
|R2r−s(g, t, x)| =
∣∣∣∣
1





































































(k + j − i− l
n
+ u1 + . . . + us − u
)2r−1−s


























































Hence we get with δn(x) ∼ 1√n for x ∈ Ecn by (3.6), (3.7), (3.2) and (2.12)
































































































+ u1 + . . . + us − u
)2r−1−s
g(2r−s)(u) du











































n + u1 + . . . + us − x
∣∣2r−s
ϕ(2r−s)λ(x)
















































































Therefore from (3.8) and (3.10) we obtain
|DsS〈2r−1〉n (f, x)− f (s)(x)| = |S〈2r−1〉n,s (f (s), x)− f (s)(x)|
















The proof of the theorem is complete. 
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4. Inverse Theorem
In this section we will give an inverse result as follows.
Theorem 4.1. Let f (s) ∈ CB [0,∞), 0 6 s 6 2r − 1, n > 4r, 0 6 λ 6 1,
0 < α < 2r − s, then







(f (s), t) = O(tα).
To prove Theorem 4.1, we need the following lemma.
Lemma 4.2. For n > 4r, we have
|ϕ(2r−s)λ(x)D2r−sS〈2r−1〉n,s (g, x)| 6 Cn
2r−s
2 δ(2r−s)(λ−1)n (x)‖g‖,(4.1)
(g ∈ CB [0,∞)),
|ϕ(2r−s)λ(x)D2r−sS〈2r−1〉n,s (g, x)| 6 C‖ϕ2r−sg(2r−s)‖,(4.2)
(g ∈ w2r−s(ϕ, [0,∞))

. First let us prove (4.1). We consider two cases: x ∈ Ecn and x ∈ En.


















































6 Cn− 2r−s2 λn2r−s‖g‖ 6 Cn 2r−s2 δ(2r−s)(λ−1)n (x)‖g‖.
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6 Cn 2r−s2 ‖g‖.
Using (4.4) for 0 6 λ < 1, we have
|ϕ(2r−s)λ(x)D2r−sS〈2r−1〉n,s (g, x)|(4.5)
= ϕ(2r−s)(λ−1)(x)|ϕ2rλ(x)D2r−sS〈2r−1〉n,s (g, x)|
6 Cn 2r−s2 δ(2r−s)(λ−1)n (x)‖g‖.
By (4.3), (4.4) and (4.5), we get (4.1).




















+ u1 + . . . + us
)























+ y + u1 + . . . + us























6 Cn−(2r−s)+ 2r−s2 λ‖ϕ(2r−s)λg(2r−s)‖.
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6 Cn−(2r−s)+ 2r−s2 λ‖ϕ(2r−s)λg(2r−s)‖.












































































2 λ + n−(2r−s)ϕ−(2r−s)λ(x)
)
× ‖ϕ(2r−s)λg(2r−s)‖.






































































sn,k+r(x), k 6= 0,


































































here we have used that max e−nxxr+m is achieved at x = r+mn .




















































)2p 6 Cx2p (p > 0).
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With (4.12) and (4.17) we get (4.2). The proof of the lemma is completed. 

of Theorem 4.1. Using Lemma 4.2 in a similar way as in [6, p. 145,
“⇐”], we can prove Theorem 4.1. Here we omit the details. 
Remark 1. If s = 0 we obtain for 0 < α < 2r




⇔ ω2rϕλ(f, t) = O(tα).
This relation contains the result of [2].
Remark 2. If s = 0, r = 1 we get for 0 < α < 2




⇔ ω2ϕλ(f, t) = O(tα).
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